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Numerical solution of Maxwell equations for s-wave superconductors
Naoum Karchev and Tsvetan Vetsov
Department of Physics, University of Sofia, 1164 Sofia, Bulgaria
We report the numerical solutions of the system of equations, which describes the electrodynamics
of s-wave superconductors, for time independent fields and half-plane superconductor geometry. The
results are: i)the applied magnetic field increases the Ginzburg-Landau (GL) coherence length and
suppresses the superconductivity, ii)the applied electric field decreases GL coherence length and
supports the superconductivity, iii) if the applied magnetic field is fixed and the applied electric
field increases the London penetration depth of the magnetic field decreases. The main conclusion
is that applying electric field at very low temperature one increases the critical magnetic field. This
result is experimentally testable.
PACS numbers: 74.20.-z,74.20.Mn,71.10.-w
There is at present no general understanding of the
interplay between applied electric, magnetic fields and
superconductivity. The London equations [1] explain the
Meissner-Ochsenfeld effect but can not predict the in-
terplay between applied electric, magnetic fields and su-
perconductivity (density of Cooper pairs). In paper [2]
the electric field in interior of superconductors is justified
using theory of hole superconductivity [3].
The experiments to detect an electric field in super-
conductors [4] are unsuccessful. It is very difficult to
experimentally test the effects of applied electric field.
Right below the superconductor critical temperature the
normal fluid dominates the system. The screening length
of the normal fluid is about one Angstro¨m. The applied
field cannot penetrate into the system more than one
Angstro¨m from the surface. This is why the electric field
cannot affect the system in the interior. To study the
effects of the applied electric field one has to do experi-
ments at very low temperatures where there are no nor-
mal quasiparticles.
The phenomenological Ginzburg-Landau theory [5] is
a basic tool for theoretical investigation of superconduc-
tivity. A complex function ψ(x) is introduced as an or-
der parameter with |ψ(x)| representing the local density
of Cooper pairs. The free-energy density is assumed to
be functional of the order parameter and the magnetic
vector potential. Using a variational method to the free-
energy a system of equations, which generalized the Lon-
don theory, is obtained [6, 7].
To derive a system of equations which includes the elec-
tric field one has to consider time dependent Ginzburg-
Landau theory. We consider a relativistically covariant
theory in terms of gauge four-vector electromagnetic po-
tentials and scalar complex field-order parameter. The
electrodynamics is a Lorentz covariant theory and one
expects that the model under consideration will help to
get deeper insight for the interplay between electric, mag-
netic fields and superconductivity. We want also to com-
pare our results with the results in [8] where relativisti-
cally covariant theory of superconductivity is discussed.
The system of equations which describes the electro-
dynamics of s-wave superconductors reads:
−→∇ ×B = µε∂E
∂t
− 2e∗2ρ2Q (1)
−→∇ ×Q = B (2)
−→∇ · E = −2e∗2ρ2Q (3)
−→∇Q+ ∂Q
∂t
= −E (4)
µε
∂2ρ
∂t2
−∆ρ− αρ+ gρ3 − e∗2ρ [µεQ2 −Q2] = 0.
(5)
where E is the electric field, B is the magnetic field and
ρ = |ψ| is the local density of Cooper pairs. The param-
eter µ is the magnetic permeability and ε is the electric
permittivity of the superconductor. We assume that they
do not change their values when the system undergoes
normal to superconductor transition. The parameter
α = α0(Tc − T ), (6)
where T is the temperature and Tc is the critical tem-
perature, is positive when the system is superconductor.
The charge of the Cooper pair is e∗
The vector Q and scalar Q are supplementary fields.
It is important to stress that the gauge invariant vector
Q and scalar Q fields take part in the equations (2) and
(4) as a magnetic vector and electric scalar potentials,
while in equation (1) (−2e∗2ρ2Q) is a supercurrent and in
equation (3) (−2e∗2ρ2Q) is a density of superconducting
quasi-particles . This dual contribution of the new fields
is the basis of the electrodynamics of superconductors.
One can derive the system of equations (1-5) from rel-
ativistically covariant theory of superconductivity [9].
We focus on the system of equations with time-
independent fields:
−→∇ ×B = −2e∗2ρ2Q (7)
−→∇ ×Q = B (8)
−→∇ ·E = −2e∗2ρ2Q (9)
−→∇Q = −E (10)
∆ρ+ αρ− gρ3 + e∗2ρ [µεQ2 −Q2] = 0. (11)
2It is important to say that the system of equations
for static electrodynamics is not split into systems of
equations for electric and magnetic fields. One can do
this assuming that Q and Q are zero in equation (11)
and ρ = ρ0 is a constant determined from the equation
αρ0 − gρ30 = 0, which follows from the same equation
(11). It is easy to obtain the equations for the electric
and magnetic fields within this approximation
∆E =
1
λ2L
E (12)
∆B =
1
λ2L
B. (13)
They imply that an electric field penetrates a distance
λL =
√
g/(2e∗2α), (14)
as a magnetic field does [8].
This approximation is very rough and does not account
for the last term in the equation (11) which is responsible
for the different impact on superconductivity of applied
electric and magnetic fields.
To elucidate the interplay between electric, magnetic
fields and superconductivity we consider the system of
equations (7-11) for fields which depend on z coordi-
nate only. Then, the system of equations for the fields
Q(z), Q(z) = (0, Qy(z), 0), E(z) = (0, 0, Ez(z)), B(z) =
(Bx(z), 0, 0) and ρ(z) adopts the form
dBx
dz
= −2e∗2ρ2Qy (15)
dQy
dz
= −Bx (16)
dEz
dz
= −2e∗2ρ2Q (17)
dQ
dz
= −Ez (18)
∆ρ+ αρ− gρ3 + e∗2ρ [µεQ2 −Q2y
]
= 0. (19)
After some calculations one reduces the system (15-19)
to a system of equations for Q,Qy and ρ
d2Q
dz2
= 2e∗2ρ2Q (20)
d2Qy
dz2
= 2e∗2ρ2Qy (21)
∆ρ+ αρ− gρ3 + e∗2ρ [µεQ2 −Q2y
]
= 0. (22)
It is convenient to introduce dimensionless functions
f1(ζ), f2(ζ) and f3(ζ) of a dimensionless distance ζ =
z/ξGL, where
ξGL = 1/
√
α (23)
is the Ginzburg-Landau coherence length:
Q(ζ) = −E0ξGLf1(ζ)
Qy(ζ) = −B0ξGLf2(ζ) (24)
ρ(ζ) = ρ0f3(ζ).
In equations (24) ρ0 =
√
α/g, the applied electric field
is E0 = (0, 0, E0) and the applied magnetic field is
B0 = (B0, 0, 0). The representations of the electric and
magnetic fields by means of f1 and f2 are the following:
Ez(ζ) = E0
df1(ζ)
dζ
Bx(ζ) = B0
df2(ζ)
dζ
(25)
The system of equations (20-22), rewritten in terms of
the new functions, reads:
d2f1(ζ)
dζ2
=
1
κ2
f2
3
(ζ)f1(ζ)
d2f2(ζ)
dζ2
=
1
κ2
f2
3
(ζ)f2(ζ)
d2f3(ζ)
dζ2
+ f3(ζ) − f33 (ζ) (26)
= − f3(ζ)
[
γEf
2
1
(ζ)− γBf22 (ζ)
]
In equations (26) κ is the Ginzburg-Landau parameter
κ =
λL
ξGL
, (27)
which satisfies κ < 1/
√
2, for type I superconductors and
κ > 1/
√
2 for type II ones. The parameters γE and γB
have the representation
γE =
e∗2µεE2
0
α2
, γB =
e∗2B2
0
α2
. (28)
For semi-infinite superconductors, with a surface of su-
perconductor orthogonal to the z-axis, the boundary con-
ditions are:
df1(0)
dζ
= 1 f1(∞) = 0
df2(0)
dζ
= 1 f2(∞) = 0 (29)
f3(0) = 0 f3(∞) = 1.
If neither electric nor magnetic fields are applied the
equation for the dimensionless function f3(ζ) = ρ(ζ)/ρ0
d2f3(ζ)
dζ2
+ f3(ζ) − f33 (ζ) = 0 (30)
is exactly solvable [6, 7] and the solution, for z ≥ 0 is
f3(ζ) = f3(
z
ξGL
) = tanh(
z√
2ξGL
). (31)
It is more convenient to study a system of first order
differential equations. To this end we introduce three new
functions (p1(ζ), p2(ζ), p3(ζ)) and rewrite the system
3(26) in the form
dp1(ζ)
dζ
=
1
κ2
f2
3
(ζ)f1(ζ) (32)
dp2(ζ)
dζ
=
1
κ2
f2
3
(ζ)f2(ζ) (33)
dp3(ζ)
dζ
+ f3(ζ) − f33 (ζ)
= − f3(ζ)
[
γEf
2
1
(ζ) − γBf22 (ζ)
]
(34)
df1(ζ)
dζ
= p1(ζ) (35)
df2(ζ)
dζ
= p2(ζ) (36)
df3(ζ)
dζ
= p3(ζ) (37)
We solve numerically the system (32-37) for κ = 1/3 and
different values of γE and γB. The solutions for density
of Cooper pairs ρ/ρ0 = f3 as a function of z/ζGL are
depicted in figure (1).
FIG. 1: (Color online) Density of Cooper pairs ρ/ρ0 = f3 as a
function of z/ζGL. i)dash lines-when magnetic field is applied,
ii)solid lines-when the electric field is applied, iii) the line in
the middle-neither electric nor magnetic fields are applied.
The curve in the middle(black) is the solution (31),
when neither electric nor magnetic fields are applied. It
is the reference solution. The two dash curves below the
reference one are solutions when magnetic field is applied
(γE = f1 = p1 = 0) and the two solid line curves above
the reference one are the solutions when electric field is
applied (γB = f2 = p2 = 0).
The Ginzburg-Landau coherence length measures the
distance over which the superconducting order parameter
increases up to the bulk value, measured from the surface
of the superconductor (z > 0). If we set in equation (31)
z = ξGL (ζ = 1) we obtain f3(1) = 0.6. We can use this
relation as a definition of the GL coherence length ξEGL,
when electric field is applied and ξBGL, when magnetic
field is applied. The solution fE
3
(ζ), when electric field
is applied, satisfies fE
3
(ζE) = 0.6 for ζE = ξEGL/ξGL, and
the solution fB
3
(ζ), when magnetic field is applied, satis-
fies fB
3
(ζB) = 0.6 for ζB = ξBGL/ξGL. The dash curves in
figure (1) show that ζB = ξBGL/ξGL > 1 and the GL co-
herence length increases when applied magnetic field in-
creases, while ζE = ξEGL/ξGL < 1 and the GL coherence
length decreases when applied electric field increases. In
conclusion, the applied electric field decreases the GL co-
herence length, which means that the electric field sup-
ports the superconductivity, while the applied magnetic
field increases the GL coherence length, which means that
the magnetic field destroys the superconductivity.
The next calculations are achieved for fixed value of
the applied magnetic field γB = 4 and different electric
fields. The result is depicted in figure (2).
FIG. 2: (Color online) The dash lines are the density of
Cooper pairs ρ/ρ0 = f3 as a function of z/ζGL for fixed value
of the applied magnetic field and different values of applied
electric fields. The solid lines are the magnetic field in the in-
terior of the superconductor when different electric fields are
applied.
The dash lines are the solutions for density of Cooper
pairs ρ/ρ0 = f3 as a function of z/ζGL. They show that
even in the presence of an applied magnetic field the in-
creasing of the applied electric field decreases the GL
coherence length. The solid lines show the magnetic field
in the interior of the superconductor when different elec-
tric fields are applied. The curves show that London
penetration for the magnetic field decreases. The main
conclusion is that under application of an electric field at
very low temperatures where there are no normal quasi-
particles the critical magnetic field is increased. This can
be experimentally tested.
The aim of the present paper was to present the results
obtained solving the system of equations, which describes
the electrodynamics of s-wave superconductors, for time
independent fields and half-plane superconductor geome-
try. The objective was to elucidate the interplay between
applied magnetic and electric fields and superconductiv-
ity. The overall conclusion is that the applied magnetic
field destroys the superconductivity while the applied
electric field supports it. The figures show that when
4the electric field is applied the density of Cooper pairs
ρ(z) increases. Therefore, if we apply electric field at
low temperature ρ(z) increases and we can increase the
temperature to decrease ρ(z) to the initial value but at
higher temperature. Hence, by means of applied electric
field we can increase the temperature without destroy-
ing the superconductivity. The results raise new ques-
tions. For example the result that at low temperature
the applied electric field increases the critical magnetic
field makes important the question for the impact of the
electric field on Abrikosov vortexes [6, 10].
It is important to underline that the scalar and vec-
tor fields Q and Q are gauge invariant. This means that
they are measurable as the electric and magnetic fields
are. The role of these fields is fundamental in supercon-
ductivity but not investigated.
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